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Abstract

Markov state modeling has gained popularity in various scientific fields since it reduces complex time-series data sets into
transitions between a few states. Yet common Markov state modeling frameworks assume a single Markov chain describes
the data, so they suffer from an inability to discern heterogeneities. As an alternative, this paper models time-series data
using a mixture of Markov chains, and it automatically determines the number of mixture components using the variational
expectation-maximization algorithm. Variational EM simultaneously identifies the number of Markov chains and the dynamics
of each chain without expensive model comparisons or posterior sampling. As a theoretical contribution, this paper identifies
the natural limits of Markov chain mixture modeling by proving a lower bound on the classification error. This paper
then presents numerical experiments where variational EM achieves performance consistent with the theoretically optimal
error scaling. The experiments are based on synthetic and observational data sets including Last . fm music listening,
ultramarathon running, and gene expression. In each of the three data sets, variational EM leads to the identification of

meaningful heterogeneities.

Keywords Markov chain mixtures - Variational Bayes - EM algorithm - Markov state models

1 Introduction

This paper considers data emerging from observations, sim-
ulations, and experiments, which come in the form of
dynamical trajectories. The trajectories can be modeled by
a finite-state Markov chain that jumps between different
regions (“states”) of phase space. This modeling approach
is known as Markov state modeling (Husic and Pande 2018),
and it has become increasingly popular over the past two
decades, including applications in chemistry (Noé et al. 2013;
Roblitz and Weber 2013; Kohs et al. 2022), biology (Chu
etal. 2017; Tse et al. 2018; Tan et al. 2019; Fang et al. 2018),
and climate science (Finkel et al. 2023; Souza 2024; Springer
et al. 2024).
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Markov state modeling has roots in classical statisti-
cal modeling, including clustering-based discretizations and
finite-state Markov chains. Yet the data sets are changing.
Observations, simulations, and experiments are now gener-
ating large collections of short, noisy, and heterogeneous
trajectories that cannot be described by a single Markov
chain. To address the contemporary modeling challenge, this
work combines the discretization step in Markov state mod-
eling with a Markov chain mixture approach. As specific
contributions, the paper proposes an efficient modeling algo-
rithm and it derives a non-asymptotic information-theoretic
lower bound on the classification error achievable from finite
trajectory lengths.

1.1 Goals and contributions

This paper argues that Markov state modeling, which is tradi-
tionally applied to one Markov chain at a time, can be applied
to learn several Markov chains simultaneously. Markov chain
mixture modeling was previously proposed and developed in
the works (Smyth 1996; Ramoni et al. 2002; Batu et al. 2004;
Melnykov 2016; Zhou et al. 2021; Das et al. 2023a,b; Haan-
Rietdijk et al. 2017; Frydman 2005). The paper builds on
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the existing research by asking and answering the following
questions:

(a) What Markov chain mixture modeling approach can be
easily adapted to high dimensions?

(b) What efficient algorithm can optimize the parameters in
the model?

(c) What theoretical accuracy can the Markov chain mixture
model attain?

For part (a), the paper applies a simple model (Smyth
1996) based on a mixture of Markov chains in a finite state
space. Traditionally, the finite states were determined using
expert knowledge of the predominant configurations of the
system. However, the modern approach automatically identi-
fies the states with a machine learning method such as spectral
clustering.

For part (b), the paper adapts the variational expectation-
maximization method (Bishop 2006, Sec. 10) to the setting
of Markov chain mixture modeling. Variational EM has a
major advantage over the classical EM algorithm, since clas-
sical EM requires fitting several models and then performing
a post-hoc model comparison to determine the number of
mixture components (Keribin 2000; Smyth 1996; Melnykov
2016). In contrast, variational EM determines the number
of clusters automatically (Corduneanu and Bishop 2001;
MacKay 2001; Rousseau and Mengersen 2011). Here the
variational EM approach is developed for finite-state Markov
chains. Extending this framework to continuous-state or non-
Markovian dynamics is a natural direction for future work.

For part (c), the paper quantifies the optimal theoretical
accuracy of any Markov chain mixture model in terms of the
Kullback-Leibler divergence between mixture components.
The main theoretical contribution is the following theorem,
with the proof appearing in Sec. 4.

Theorem 1 (Classification error bound) Consider any statis-
tical estimator Z for the label Z in the Markov chain mixture
model

P{Z =i} = p(),
P{Yo =« |Z =i} = vi(a),
PiYi =B|Z =i, Yi-1 = a} = Pi(x, B).

The estimator can depend on the observed data Y and the
model parameters but not on the unknown label Z. Then, the
classification error is at least

k —Dkr(P; | P))
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In this expression, the Kullback-Leibler divergence is defined
as

P, (Y)
DkL(P; || ;) = IP’i(Y)log<—)~
KL / ; P (Y)

The summation runs over all possible trajectories of length
T, and

T—1
P;i(co, ..., ar) = vi(eo) [ | Piler, ery).

t=0
is the probability of observing the trajectoryY = (ao, ..., or)
given that Z = 1i.

The theorem lower bounds the classification error in terms
of the Kullback-Leibler (KL) divergence between the tra-
jectory distributions in the mixture model. Conceptually,
it is a hypothesis-testing theorem: if the mixture includes
two similar trajectory distributions, no estimator can reli-
ably assign trajectories to the correct distributions. The proof
lower bounds the classification error by comparing pairs of
components and quantifying how well they can be distin-
guished using D (IP; || IP;). The resulting bound exhibits the
e~ DKL scaling familiar from the Bretagnolle-Huber inequal-
ity (Bretagnolle and Huber 1979); see Sec. 4 for further
discussion.

In the context of Markov chain mixture modeling, the KL.
divergence in Theorem 1 is the divergence between length-
T trajectory distributions. Under mild regularity conditions
(e.g., ergodicity), this divergence grows linearly with 7" at a
rate determined by the stationary transition dynamics. Conse-
quently, the lower bound in Theorem 1 decays exponentially
in T, highlighting trajectory length as a dominant driver of
identifiability.

1.2 Plan for the Paper

The rest of the paper is organized as follows. Section 2 intro-
duces Markov state modeling and Markov chain mixture
modeling, Section 3 reviews previous related approaches,
Section 3.3 introduces the variational EM algorithm, Section
4 provides theoretical analysis, Section 5 presents numerical
experiments, and Section 6 concludes.

1.3 Notation

Scalars are in regular typeface: k, s, ¢, T, N, D. Lowercase
letters &, s, t indicate scalar quantities that can vary from line
to line. Uppercase letters 7, N, D indicate scalar quantities
that are fixed by the data set. Finite and infinite sets are in
uppercase calligraphic letters, e.g., X, ). Elements of finite
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sets are often in lowercase Greek letters, e.g., o, B € ). Vec-
tors are typically written in bold lowercase typeface: u, v, q.
Matrices are written in bold uppercase typeface: K, P. The
entries of vectors and matrices are indicated with parentheses
and regular typeface: u(i), D(i, i).

Trajectories are a special class of vectors indexed by time
t = 0,1,...,T and written in uppercase bold typeface:
X, Y. The states of trajectories are written in regular typeface
with subscripts: X;, Y;. Superscripts denote trajectories in a
collection: Yl, YZ, YN,

The probability measure PP represents a ground-truth
model, while the probability measure PP is a data-driven esti-
mate.

2 Modeling: Critiquing the Markov State
Model

A Markov state model is a classic approach for time-series
analysis with a long history (Husic and Pande 2018). It
has recently become popular in chemistry (Noé et al. 2013;
Roblitz and Weber 2013; Kohs et al. 2022), biology (Chu
etal. 2017; Tse et al. 2018; Tan et al. 2019; Fang et al. 2018),
and climate science (Finkel et al. 2023; Souza 2024; Springer
et al. 2024). A Markov state model approximates time-series
data as a finite-state Markov chain that jumps between suit-
ably defined “states” of the system.

A traditional Markov state model relies on three assump-
tions that are described in the following sections: the
finite-state assumption (Sec. 2.1), the Markovian assumption
(Sec. 2.2), and the one-chain assumption (Sec. 2.3). How-
ever, the one-chain assumption may be inappropriate, and
Sec. 2.4 will relax the one-chain assumption and generalize
the Markov state model to a Markov chain mixture model.

2.1 The Finite-state Assumption

In a Markov state model, a dynamical system on a general
state space X is reduced to a dynamical system on a finite
state space Y = {1, 2, ..., s}. The finite states are assumed to
be internally homogeneous and meaningfully different from
one another. Clearly delineated states are crucial to the inter-
pretability of the Markov state model.

There are various approaches for defining an appropri-
ate set of finite states. As one approach, the states can be
defined based on domain expertise. For example, user activ-
ity on MSNBC . com (“clickstreams”) can be reduced to a state
space ) consisting of different types of webpages, such as the
homepage (state 1), the news pages (state 2), and the sports
pages (state 3) (Melnykov 2016). These state definitions are
based on the MSNBC. com site map and the conventional
division of articles into “sports” versus “news”.

As amore systematic alternative, the state space X’ can be
decomposed using a distance functiond : X x X — R and
a set of data centers {cy, ..., ¢;}. This leads to the division
into Voronoi cells

X=XU---UA,
Xi={xeX:dx, ¢)<dx,cj)for j #1i}.

where

Any trajectory X on the state space X can be approximated
by a trajectory Y on the reduced state space V = {1, ..., s}
by setting Y¥; = i if X; € A; with arbitrary tie-breaking at
the boundaries. The rest of the paper will work with these
discretized trajectories.

Identifying a suitable distance function d and a set of data
centers {¢q, ..., ¢s} can be tricky. When the data liesin X =
RP, one popular method combines all the trajectory locations
into a data set {x;}1<;<m and selects the centers {cy, ..., ¢}
that minimize the sum of square distances

M
Z min d(x;, cj)z.
i=1

1<j<s

where d(x, y) = ||lx — y| is the Euclidean distance. This
method is called k-means clustering (Lloyd 1982).

k-means clustering is common but not always effective at
identifying finite states. Spectral clustering (Coifman et al.
2005) is an alternative method that adapts to the nonlinear
manifold structure of the input data. Spectral clustering can
be applied to any state space (not just X = RP), as long
as there is a kernel function k : X x X — R which quan-
tifies the similarity between data points. Fig. 1 illustrates
spectral clustering on a spiral data set using the Gaussian ker-
nel k(x,y) = exp(—#”x — y|I?) with bandwidth o = 1.
Spectral clustering is now standard practice in Markov state
modeling, so the algorithmic details are omitted; see (Coif-
man et al. 2005) for the classical formulation and Chen et al.
(2025) for a scalable implementation based on randomized
linear algebra. Later, Sec. 5.4 will apply spectral clustering
to construct Markov states for gene expression data.

2.2 The Markovian Assumption

In a Markov state model, each trajectory Y is assumed to
be Markovian. The Markovian assumption means that the
position Y; depends only on the immediate past position Y;_1,
regardless of all the earlier positions Y;_», Y;_3,.... Thus,
all the transition probabilities can be written as

P{Y; =8| Yy = o, ..
= P(Ott—lv ﬂ)’

LY=o}

for a suitable transition matrix P € R**%.
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Fig. 1 Comparison of k-means (left) versus spectral clustering (right)
applied to M = 100 data points in a spiral. Spectral clustering adapts
to the nonlinear manifold structure of the data, k-means does not

Like all model assumptions, the Markovian assumption is
an idealization of the truth. Many dynamical systems are not
precisely Markovian because they exhibit prolonged history
effects (Chierichetti et al. 2012). As an example of history
dependence, consider the travel patterns of adults in Nanjing,
China (Zhou et al. 2021). On a given day, a parent is unlikely
to commute to their child’s school more than twice (first
taking the child to school, second picking the child up from
school). Because of this history dependence, the location of
the adult during the day does not precisely form a Markov
chain. Nonetheless, a rich and detailed description of the
daily lives of residents is possible using the Markov chain
assumption (Zhou et al. 2021). In general, a Markov state
model assumes that history effects can be disregarded while
still providing a meaningful analysis.

When strict Markovianity fails due to finite memory, a
standard remedy is delay embedding: redefine the state at
time ¢ as a tuple of lagged observations, e.g., (¥;, Y;—1, ...,
Y;_m+1). Delay embedding converts an mth-order Markov
chain into a first-order Markov chain on an enlarged state
space. Markov state modeling can be applied directly to the
delay-embedded process, but the trade-off is an increased
state-space size and hence more parameters to estimate.

2.3 The One-Chain Assumption

The final assumption of a Markov state model is rarely stated
yet fundamental. The standard presentations of Markov state
modeling (Pande et al. 2010; Chodera and Noé 2014; Husic
and Pande 2018) all assume that a single Markov chain gen-
erates the trajectories. If the data set consists of multiple
trajectories Y 1, Y2, ..., YN the trajectories are all assumed
to be generated from the same transition matrix P. The
one-chain assumption is well-justified if the trajectories are
computer simulations from a fixed model. Yet, the one-chain
assumption is challenged by the heterogeneities of real-world
observations and experiments. For example, is there really
one type of web user on MSNBC . com? Is there really one
type of commuter in Nanjing, China? Several papers in the
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statistics literature go beyond the one-chain assumption and
instead they analyze MSNBC . com (Melnykov 2016) users
and Nanjing commuters (Zhou et al. 2021) using a mixture of
Markov chains with distinct transition matrices Py, ..., Py.

The resulting Markov chain mixture model will be
described in the next section, and it will be the focus of the
remainder of the paper. Although joint inference of states
and Markov chain mixture modeling parameters is possi-
ble (Safinianaini et al. 2024), the paper assumes the state
sequences have already been defined using domain knowl-
edge or data-driven clustering. This design choice decouples
state assignment from mixture inference to support scalable,
domain-adaptable modeling.

2.4 The Markov chain mixture model

In a Markov chain mixture model, each trajectory Y is gen-
erated as follows:

P{Z =i} = n(),
PlYo =alZ =i} =vi(a), ()
P{Yt =ﬂ|Z Zi’ Yt*l :a} = Pl(asﬂ)

The variable Z € {1, ..., k} is a latent variable indicating
the Markov chain label. w(i) describes the probability of
observing each label Z = i. The vectors v; € [0, 1]¥ and
matrices P; € [0, 1]°* give the initialization probabilities
and transition probabilities for the Markov chain with label
Z = i. The total number of free parameters in the model is
ks* — 1, and typical parameter values are k = 10°-10% and
s = 10°-10%. The Markov chain mixture model was pre-
sented in the papers (Smyth 1996; Ramoni et al. 2002; Batu
et al. 2004), and it has been applied in areas including con-
sumer behavior (Melnykov 2016; Zhou et al. 2021), biology
(Das et al. 2023a,b), psychology (Haan-Rietdijk et al. 2017),
and economics (Frydman 2005).

3 Algorithms: Comparing Approaches for
Markov Chain Mixtures

This section discusses past algorithms for fitting the param-
eters in a Markov chain mixture model, and it emphasizes
three main themes. First, many researchers rely on the
expectation-maximization (EM) algorithm for parameter
inference (Sec. 3.1). Second, researchers have identified the
key importance of the trajectory length 7' for ensuring clas-
sification accuracy (Sec. 3.2). Third, this paper adapts the
variational EM algorithm (Bishop 2006,Sec. 10) instead of
traditional EM since variational EM learns the number of
mixture components automatically (Sec. 3.3).
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3.1 The Expectation-Maximization Algorithm

In several applications of Markov chain mixture modeling,
the expectation-maximization (EM) algorithm gives fast and
reliable parameter estimates (Smyth 1996; Ramoni et al.
2002; Melnykov 2016; Zhou et al. 2021), especially when
it is initialized carefully (Kausik et al. 2023; Gupta et al.
2016; Spaeh and Tsourakakis 2023). In EM, each iteration
alternates between (i) estimating conditional probabilities for
the latent variables P{Z" =i | Y"} and (ii) updating parame-
ters (i, v;, P;) using the expected counts of initial states and
transitions under the latent variable distribution. Because EM
for finite-state Markov-chain mixtures is standard (see, e.g.,
Dempster et al. (2018); Kausik et al. (2023)), this paper omits
the algorithmic details and focuses instead on the detailed
exposition of variational EM in Sec. 3.3.

Asalimitation, EM is a nonconvex optimization algorithm
that converges to local maxima in the likelihood landscape.
Therefore, the accuracy of the converged parameters depends
on the initialization, which can be chosen either randomly
(Melnykov 2016; Zhou et al. 2021) or by a more struc-
tured approach (Smyth 1996; Gupta et al. 2016; Spaeh and
Tsourakakis 2023; Kausik et al. 2023). In arandom initializa-
tion, the user can generate probability estimates P{z" =i}
for i = 1,...,k that are uniformly distributed on the
probability simplex. A convenient procedure for generating
uniformly distributed vectors on the simplex is to first pro-
duce k independent exponential random variables and then
normalize them to sum to one (Onn and Weissman 2009).

As another limitation, EM does not automatically deter-
mine the number of mixture components. Rather, the number
of components must be specified as input. Many users fit sev-
eral models with different numbers of components and then
perform a comparison using AIC, BIC, or cross-validation
(Keribin 2000; Smyth 1996; Melnykov 2016). When the user
searches over a space of k different models, this procedure
can increase the runtime by a factor of k or more. Sec. 3.3
will present an improvement of the EM algorithm called vari-
ational EM (VEM) that does automatically determine the
number of components.

3.2 The Trajectory Length T

The second theme in the Markov chain mixture modeling
literature is the close link between the classification accu-
racy and the trajectory length 7. Put simply, classifying
short trajectories with the correct labels is hard. For exam-
ple, Ramoni and coauthors (Ramoni et al. 2002,Sec. 5.3.1)
describe numerical experiments with increasing trajectory
lengths that lead to steadily increasing accuracy.
Researchers have tackled the issue of trajectory length
by focusing on the extremes of short trajectories (7" = 3,
Gupta et al. (2016); Spaeh and Tsourakakis (2023)) or long

trajectories (I’ — oo, Khaleghi et al. (2016); Fitzpatrick
and Stewart (2022); Kausik et al. (2023)). A couple papers
propose structured initialization methods for EM based on
short trajectories of length 7 = 3 (Gupta et al. 2016; Spaeh
and Tsourakakis 2023), but these approaches require mas-
sive amounts of data. For example, N = 108 trajectories to
achieve classification error < 10% (Gupta et al. 2016). At
the other extreme, algorithms can ensure perfect parameter
identification in the limit 7 — oo (Khaleghi et al. 2016;
Kausik et al. 2023).

Sec. 4 provides further insight into the intermediate
regimes where 7 is neither short nor long, by bounding
the classification error for any Markov chain mixture model
with any trajectory length 7'. Since the KL divergence grows
roughly linearly with 7', the lower bound on the classifica-
tion error decays roughly exponentially in 7', indicating the
importance of long trajectories.

3.3 Variational EM Algorithm for Markov Chain
Mixtures

The current section describes the variational EM method for
Markov chain mixtures in detail and outlines the steps for a
user to apply the method to data.

As the first conceptual step, the user must reduce the data
to a finite state space ) = {1, ..., s}. The states can be cho-
sen based on domain expertise or based on spectral clustering
(Coifman et al. 2005), as is common in the Markov state mod-
eling literature. The typical number of states is s = 109102,

Next, the user must choose the maximum number of
mixture components, typically k = 10'-10%. As long as
k > kuue, the approach is capable of identifying the true
number of components. However, there is motivation to not
set k too large, as the computational cost is proportional to
k.

The data set is then described using the Bayesian mixture
model:

m ~ Dir(1x/k),

v; ~ Dir(ly),
Pi(e-) ~ Dir(1y), @
P{Z =i} = p(),

PiYo =a|Z =i} = vi(a),
PY; =B1Z =i, Y1 =a} = Pi(a, p).

This Bayesian formulation combines standard Bayesian pri-
ors for Markov state modeling (Bacallado et al. 2009) and
mixture modeling (Gormley et al. 2023). Specifically, the
model places uninformative Dir(1) prior distributions on
the parameters v; and the rows of the matrix P;(«, -), and
it places a sparsity-promoting Dir(1;/k) prior distribution
on the mixture parameter w. The Dir(1;/k) prior leads to

@ Springer
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a posterior distribution that automatically prunes extraneous
mixture components by setting the corresponding mixture
probabilities to (i) &~ 0 (Hemant Ishwaran and Sun 2001;
Rousseau and Mengersen 2011; Malsiner-Walli et al. 2014).
Given the model (2) and the observed trajectories, the
Bayesian posterior distribution is hard to compute exactly.
However, the posterior can be efficiently approximated by a
factored distribution (see Bishop 2006,Sec. 10.2):
PAZ", p,vi, Pi}) = Q1({Z"}) Q2({r, vi, Pi}).
This factorization assumes the latent variables { Z"} are inde-
pendent from the mixture parameters {f, v;, P;}. Given this
factorization, the approximation minimizing the Kullback-
Leibler divergence with respect to the posterior is a sequence
of mutually independent random variables

w ~ Dir(N),
v; ~ DiI‘(Ni), (3)
P;(c, ) ~ Dir(N; o).

with parameters that can be optimized using the variational
EM algorithm in Alg. 1.

Examining Alg. 1, there are a couple of key changes from
the standard EM algorithm (Sec. 3.1). First, the parameters
{m,v;, P;} are described by Dirichlet distributions, which
encode point estimates and uncertainty intervals. The user
can extract a point estimate for any parameter by using the
expected value formula for the Dirichlet distribution, e.g.,
A = BluG)] = — @

YEING)

The user can extract uncertainty intervals by using the vari-
ance formula for the Dirichlet distribution, e.g.,

N Yz NG

Var[u(i)] = .
(kL N (AL NG +1)

The automatic availability of uncertainty information is a
helpful feature of the Bayesian approach.

As the second change, variational EM automatically
determines the number of mixture components. Upon con-
vergence, only a small number of mixture parameters satisfy
N () = 1. The optimization drives all the remaining mix-
ture parameters to the lowest possible value NG) = 1 /k.
These components are not represented by any labels A
i, so they are effectively removed from the model. The
tendency of variational EM to identify a parsimonious mix-
ture model is called automatic relevance determination. It
was observed in the papers (Corduneanu and Bishop 2001;
MacKay 2001) and later justified based on asymptotic argu-
ments in Rousseau and Mengersen (2011).

@ Springer
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Algorithm 1 Variational EM Algorithm

Input: Trajectories Y, estirpatgs ]f”{AZ" =Ai }.
Output: Refined estimates N, N;, N; o, Z".
1: Foreachn =1, ..., N, form

U(a) = 1{Y] = a),
T—1

Vi p) =Y WY =a Y, =}l
=0

2:fort=1,2,...do
3:  Compute Dirichlet parameters

1 &
N(@) = ot > P(z" =i},

n=1

N
Nit@) =1+ P(2" =i} U"(a),

Il
-

Nia(B) =1+ P{2" =i}V"(@, B).
n=1
4:  Compute vectors L, b;, Pi(a, ) via
log (i) = w (N (1) - (Z RGp).
tog (@) = w (@) — v (38 ).
p=1
tog £i. ) = ¥ (a8 — 0 (Y Fra ).
y=1

Yx) = % log I' (x) is the digamma function.
5. Update probabilities P{Z" = i} via

(i) r[ﬁi(a)U"(“) l—[ B, )V @B,

C a=1 a,f=1
and choose Cy, so that } 3; ;o P{z" =i} =1.
6:  Calculate variational lower bound

N

B(1x/k) L AN(i)fl/k]
2= logC, +1 / ;
Y tox +log| L T

n=1 i=1

B(1y) 1\7,.(0()_1]
+Z [ (N)]_[ Di (@)

Voa=1
+ZZ [ NS) HP( gyl #) 1]

i=1 a=1 ’0‘,31

where B(N) = ([]; F(N,))/F(Z Nj).
7.  Breakif |AL| < 10~
8: end for

= argmax I@]{Z" =i}.

1<i<k

9: ReturnN IV N,O,
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To apply Alg. 1 in practice, the user needs some way to
initialize the parameter estimates. Since there is limited theo-
retical understanding of the best way to initialize variational
EM, this paper randomly initializes parameters I@’{Z" =i}
fori =1, ..., k from the probability simplex. After running
Alg. 1 Wlth 102 1ndependent initializations, the paper selects
the optimal parameters {N N; i N; i zn } that maximize the
likelihood lower bound L.

4 Theory: Limits on Markov Chain Mixture
Modeling

Markov chain mixture modeling cannot succeed when the
trajectories are too short. This section provides a theoretical
explanation by proving and interpreting Theorem. 1.

Proof of Thm. 1 Given the observed data
distribution of the label Z is

Y, the conditional

P{Z:ilY}:M &)

Y 1 (HP;(Y)

foreachi = 1, ..., k. The optimal classification algorithm
selects the labels according to

7€ argmaxP{Z =i |Y},

1<i<k
and the resulting statistical error is quantified by

P{Z#£Z|Y}=1— max P{Z =i|Y}.
1<i<k

Next, use the inequality 1 — o > (1 — ?)/2 to obtain the
lower bound

P{Z #Z|Y)}
=1—maxP{Z_z|Y}
1<i<k
1 2
>—-——-—max P{Z=i|Y}
2 2 1<i<k
1 1¢
- - _ 2
> 5= 22 P(Z=i|Y)
1 k
ZEZ P(Z=i|Y}1—-P{Z=i|Y)}).

—

Multiply both sides by P(Y) and sum over all possible tra-
jectories Y to obtain the formula

P{Z # 2y =) P{Z# Z|Y}P(Y)
Y

> %;P{Zzi,Y}(l —P{Z=i|Y))

v ZyPZ=i VYA -Pz=i|Y)
=30 o) '

The latter quantity is a conditional expectation, so it follows

P{Z +# 7}
(6)

l\.)l>—‘

k
Zu(z)El—]P’{Z_z|Y}|Z_z]

The conditional expectation turns out to be analytically
tractable and allows us to derive the bound directly.

The rest of the proof is based on bounding ]E[l —-P{Z =
i|\Y}Z= i] from below using the Kullback-Leibler diver-
gence. To obtain a convenient lower bound, use eq. (5) to
derive

E[l—IP’{Z:i|Y}|Z:i]
Z, 1M(])P )

]
z=i|

for each j # i. The inequality is due to the fact that f(x) =
x/(c + x) is an increasing function of x > 0, for any ¢ > 0.
Next, by an application of Jensen’s inequality,

=)
HP; (Y
>]E[10g< . w(HP;( ) ) Z:ii|
p@OP;(Y) + u(jHP;(Y)
P;(Y
:E|:log< i€ ))‘Z:ii|
P;(Y)
1 P;(Y i
—E[log(u(l') LB ))’Zzi _
n(j)  PiY) |
The first term in the final expression is the negative Kullback-
Leibler divergence

Pi(Y
E[log(ﬂp]_((y))) )z = i] = — Dk (P; | P)).

[ w(HP;(Y)
T Lu@PXY) + u(HP;(Y)

1og<E[ n()HP; (YY)
w@P;(Y) + w()P;(Y)
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The second term can be bounded by another application of
Jensen’s inequality:

wi)  PBiY) ) ‘ }
[Og<u<j) TR :

j P.(Y
> —log<u(l) +E[ i) Z:ii|>.
Moreover, observe that

w(h LR
E[]P’;(Y) Z:l} Y rm D
Y

P;(Y) P;(Y)
= ZIPj(Y) =1.
Y

Tying together the above expressions, it follows
log(E[1 —P{Z =i|Y}|Z =i])

> _ Do (P | P)) — 10g<&’? + 1)
n(j)

and therefore

e~ DxL(Pi [ P))
E[1-P{Z=i|Y}|Z=i]>max ————
jA RO 4
wn(Jj)

Combine with eq. (6) to conclude that the classification error
is at least

k —DkL(P; | P))
~ 1 KL J
P{Z # Z} > —Zmax%.

2 J#F @)+ (i)

i=1
This completes the proof. O

Two points are worth emphasizing. First, Theorem 1 is
non-asymptotic: it applies to any finite trajectory length T
without requiring mixing or stationarity. It thus provides a
baseline limit in the “many short trajectories” regime, isolat-
ing an intrinsic identifiability barrier.

Second, the e~ PKL scaling in the error bound reflects a
classical connection between classification error and infor-
mation divergences. The optimal error for distinguishing PP;
from P; in a two-class, equally weighted mixture model is

1 , 11
5 me{}P’i(Y), P;(Y)} = 3" EdTV(Pi’ Pj),
Y

where the total variation distance is

drv (P By = LY P — BV,
Y

@ Springer

The Bretagnolle-Huber inequality (Bretagnolle and Huber
1979) then bounds

1 —dpy (P, Pj) > %e*DKL(Pi IP))

Thm. 1 derives a comparable bound for the Markov chain
mixture model, making explicit how the KL divergence con-
trols the overall classification error. This result complements
recent work by Lee et al. (2025), who prove high-probability
error bounds for the Markov chain mixture model and also
find that KL divergence governs the clustering error.

To interpret the theorem, it is instructive to consider what
happens to the KL divergence in the specific case of a Markov
chain mixture as the trajectory length T approaches infinity.
If the Markov chain i has a unique stationary measure x; €
[0, 1]%, then in the limit T — oo the ergodic theorem for
Markov chains (Norris 1997,Sec. 1.10) guarantees

+ Dk (P || P))

—1 . Pi(ay. ....or)

T ao;ar Fi0 o) log(P/(ao, el aT))
~ . Pi(a, B)

- a,ﬁz—l @b 10g<Pj(Ol, ,3)>

=Y mi(@) DkL(Pi(e, ) || Pi(a, ).

a=1

By this derivation, the KL divergence Dgr (P; || P;) is
approximately T times the averaged Kullback-Leibler diver-
gence Dy (P (o, -) || Pj(a, -)) over all the states. The linear
dependence of the Kullback-Leibler divergence on 7 has a
practical implication: longer trajectories help substantially.
Doubling T can turn a hard problem into an easy one, for
example reducing error from 10% to 1%.

5 Numerical Experiments

This section describes four numerical experiments with the
variational EM algorithm. The first experiment (Sec. 5.1)
uses synthetic Markov chain data. The middle two experi-
ments (Secs. 5.2 and 5.3) use real-world observations. The
last experiment (Sec. 5.4) uses synthetic genetics data. Code
to run the experiments is available at https://github.com/
chris-miles/MarkovChain- VEM.

5.1 Synthetic Markov Chain Data

The first experiment is based on simulations of the Markov
chain mixture model (1) with uniformly random parameters
I, v;, and P;. The goal of the experiment is to test whether
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Fig.2 True parameters and parameter estimates for synthetic trajecto-
ries with kyye = 4, s = 3, N = 100, and 7' = 30. Top row shows true
parameters. Bottom row shows parameter estimates from variational

variational EM correctly identifies the number of components
and correctly classifies trajectories into components.

As the first result, variational EM accurately identifies the
number of components even with a relatively small data set.
Fig. 2 shows the true parameters (top) and parameter esti-
mates (bottom) when kyye = 4, s = 3, N = 100, and
T = 30. Although variational EM is run with a maximum
number of k = 10 components, it leads to a fitted model with
just 4 components. The algorithm assigns no trajectories to 6
of the 10 components, thereby pruning them from the model.
The automatic identification of the number of mixture com-
ponents is a major advantage compared to previous Markov
chain mixture modeling approaches (Keribin 2000; Smyth
1996; Melnykov 2016).

The reader may wonder, is there a cost to setting the value
of k excessively high? While there is an obvious computa-
tional burden to setting k > ke, the results in Fig. 3 show
that the classification accuracy, defined by

acc = — Z]I{Z" 7, (7

is not hindered. Indeed, the results with k = 4 = ke (top
panel) are nearly identical to results with k = 10 > kyye
(bottom panel).

As the next result, Fig. 3 shows the trajectory length T
is a major factor determining the classification accuracy (7).
The accuracy reaches a threshold for each 7' value as N —
00, and increasing 7' exponentially increases the threshold.
These results are in line with the theoretical analysis in Sec. 4,
which also suggests an exponential dependence on 7.

ﬁi!ﬂ!]

pruned components

Is(a

v—_ —— correct # of components recovered

EM with a maximum of k£ = 10 components. Even with limited data,
VEM correctly identifies the number of components

k=4 true, k=4 input

100
e
=)
(@)
[
o
'©
510 . aCCl 0
l\‘ .
0.9
10 100 1000
N, # trajs 0.8
k=4 true, k=10 input 07
1 :
- 0.6
)
2 0.5
o
[
510
~
10 100 1000
N, # trajs

Fig. 3 Classification accuracy with ke = 4, s = 3, and varying
settings of N and T'. The accuracy is similar using k = 4 (top) versus
k = 10 (bottom). In both plots, the accuracy is averaged over 250
independent trials

EM and variational EM are known to terminate in locally
optimal parameter values that can be far from the global
optimum (Redner and Walker 1984). To safeguard against
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termination of VEM initations
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Fig.4 Demonstration of the local optima over 1000 random variational
EM initializations when k = 15, kyye = 10, s =7, N =100, and T =
50. Many variational EM runs end with nearly optimal assignments,
some do not

misconvergence, this paper randomly initializes variational
EM many times and accepts the results that maximize the
likelihood bound £. The outcomes of 10° random initial-
ization are shown in Fig. 4. For the figure, the parameters
k =15, kyye = 10, s = 7, N = 100, and T = 50 were
deliberately chosen to make the optimization challenging and
produce a range of variational EM solutions. Perfect accu-
racy is achieved in some variational EM runs, but other runs
result in low accuracy and low £ values. While the sensi-
tivity of variational EM to the initial parameters may appear
prohibitive, given the speed of the algorithm and its ease of
parallelization, running hundreds to thousands of indepen-
dent initializations is feasible and sufficient to yield reliable
results. Nonetheless, there remains significant future interest
in identifying more principled initializations for variational
EM or more robust stochastic variants (Celeux et al. 1996).

5.2 Last . fm User Data

The next experiment uses a publicly available data set that
records the listening histories of Last . fm users in 2007.
The works (Kausik et al. 2023; Gupta et al. 2016) report
trajectory-level clustering results on this Last . £m Markov-
chain-mixture benchmark, making them natural baselines.
Following the previous work (Kausik et al. 2023), the
ground-truth model is specified as follows. The data contains
kiue = 10 Markov chains, corresponding to the Last . fm
users with the greatest number of song listens. The data is
coded using s = 100 states based on assigning a discrete
label to each song in a user’s listening history by the pre-
dominant genre. If a user sequentially listens to songs from
the same genre, these songs are collapsed into a single state.
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Fig. 5 Classification accuracy for the top 10 Last . fm users, given
N = 75 trajectories and s = 100 possible genres for each user. Top:
Variational EM is twice as accurate as the best method reported in
Kausik et al. (2023). Bottom: Confusion matrix for identifying the top
10 users with 7" = 250

Hence, each Markov chain models the genre transitions for a
Last . fmuser. To make the learning problem difficult, each
user’s listening history is broken into 75 equal-length seg-
ments, and the segments are truncated to a short trajectory
length 20 < T < 100.

Fig. 5 shows that the Bayesian variational EM approach
with k = kyye = 10 components achieves classification
accuracy approximately 2x higher than the experiments in
Kausik et al. (2023). The error is also much lower than the
90% classification error in Gupta et al. (2016). These results
are included for context, although the earliest benchmark
(Gupta et al. 2016) used more numerous and shorter trajec-
tories (N = 30, 000, T = 3), so the numbers are not directly
comparable.
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Classifying Last.fm users with =1000 genre transitions (N=497)
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Fig. 6 Classification of users for a Last . fm data set with N = 497
users, s = 100 genres, and trajectory length 7 = 1000. Popular com-
ponents are labeled with the most frequent genres

While variational EM outperforms previous approaches,
the misclassification rate for length 7 = 100 trajectories is
still notably high, 45%. To further improve the accuracy, the
trajectories were extended to length 7 = 250, resulting in a
reduction to 30% error. The right panel of Fig. 5 shows the
confusion matrix, which indicates that most of the misclas-
sifications come from 4 users who all had similar listening
histories.

For further insight, a new data set was prepared with a
length 7 = 1000 trajectory for each of the top N = 497
Last . fmusers. Variational EM was applied to this data set
with a maximum number of k = 100 components. Fig. 6
shows the mixture modeling results, which indicate that a
few components have substantially large memberships. The
3 largest components correspond to well-known genres of
‘indie’, ‘electronic’, and ‘metal’. The overwhelming popu-
larity of the indie component explains why distinguishing
Last . fm users may be difficult. Many indie rock listeners
had quite similar listening histories in 2007 (Eck et al. 2007).

5.3 Ultrarunners data set

The third experiment is based on data from the 2012 Inter-
national Association of Ultrarunners (IAU) World Champi-
onship held in Katowice, Poland (Bartolucci and Murphy
2015; Roick et al. 2020). The goal of this experiment is to
find the predominant pacing patterns in the data and infer
which pacing patterns lead to the best overall performance.
Conventional wisdom among ultrarunners contends that a
slower pace to start is ideal (Berger et al. 2023), as many
runners tend to overexert themselves during the start and tire
later during a race.

Pacing is an individualized measure of performance, so
each runner’s data over the 24-hour event was normalized
based on average speed. First, 12 runners that did not com-
plete a single lap were removed from the data set, yielding
N = 248 total trajectories. Then, each runner’s average
speed was calculated by dividing the total number of laps

component 1 component 2 component 3
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Fig. 7 Application of Markov chain mixture modeling to the 2012
International Association of Ultrarunners (IAU) World Championship
data. With a maximum of k¥ = 10 components, three running patterns
emerged: (1) constant pace, (2) a fast start followed by subsequent
resting, (3) erratic performance. Black lines show component means

over the 2.314 km course by the total number of hours until
finishing or dropping out of the event (typically 24 hours).
Each runner’s data was normalized by dividing the number
of laps per hour by the average speed. Last, the data was
categorized into s = 4 Markov states: “resting” when the
hourly speed is less than 0.5 times the average speed, “nor-
mal” when the hourly speed is between 0.5 and 1.5 times the
average speed, “strained” when the hourly speed is greater
than 1.5 times the average speed, and a terminal “ended”
state.

The variational EM algorithm identifies three distinct
running patterns in the data, as displayed in Fig. 7. The
predominant pattern (70% of runners) involves a roughly
constant pace, with slightly higher relative speed at the start of
the race. The second-most-common pattern (25% of runners)
involves overexertion at the start of the race and a significant
slowdown later. The third pattern involves erratic running
with no apparent strategy. A previous analysis identified sim-
ilar running patterns in the 2012 ultrarunner data (Bartolucci
and Murphy 2015).

The Markov state mixture model is interesting in two
ways. First, the runners in group 1 ran notably faster than
those in group 2 even though the average speed was not
included as input into the algorithm. Rather, a constant pace
emerged organically as the top-performing pattern. Second,
the ideal strategy of a slower opening pace was not observed
in any group. While the slow start is considered optimal, it is
also notably difficult to achieve in races (Berger et al. 2023).

5.4 Synthetic Gene Expression Data

The last experiment is based on synthetic data generated
from the mutual-inhibition, self-activation (MISA) gene cir-
cuit. The MISA circuit has been observed in many biological
systems (Graf and Enver 2009; Huang 2009; Zhou and Huang

@ Springer



90 Page120f16 Statistics and Computing (2026) 36:90
fr=001 da,
3_
100-'. 1001 o
= 2]
8
501 501 n 14
0 # | VAP ADGP AN AWy t 0 t
0 a 100 0 50 100 0 50 100
Markov states from
fr=0.1 a, spectral clustering
| —» 31
100 ‘. 1004 100 ”
ﬁ 5]
©
50 504 | \A,,,J 50 v 14
= ‘ i \“* } 0-
0+ . 01, . At . . — t
0 a 100 0 50 100 0 5 100 0 50 100
fr=10 a,
100 A wl\ >
1001 \\M ﬁNI‘A/\J\\n W‘ v % 21
50+ 50 M JJ; 1A
0 T T T T t 0- T T T t
0 a 100 0 50 100 0 50 100
log densities time series Markov chain approximation

Fig. 8 Schematic of finite state approximation for the mutual-
inhibition, self-activation (MISA) gene circuit. Counts of proteins a
and b are visualized as scatter plots (column 1) and time series (column

2011; Smith et al. 2016), and it has been studied extensively
by theorists (Schultz et al. 2008; Morelli et al. 2008; Feng
and Wang 2012; Gallivan et al. 2020). It consists of an A gene
and a B gene that inhibit each other and activate themselves
through the production of a and b proteins. Mathematically,
it can be modeled as a chemical reaction network (Anderson
and Kurtz 2015) containing the following species and reac-
tions. There is one A gene and one B gene that each exhibit
conditions ij € {00, 01, 10, 11}, where i = 1 indicates the
presence of an activator and j = 1 indicates the presence of
arepressor. The A and B genes produce proteins at arate g;;:

8ij

Aij = Aij+a, ij=00,01,10,11,
B X Bij+b. ij=00,01,10,11,

where goo = go1 = g11 = 10 and gj0 = 100. The proteins
degrade atrate d = 1:

d d
a— I, b— O.

Last, the proteins influence the conditions of the A gene and
B gene as follows:
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2). (a, b) trajectories are classified into 4 states (column 3), and tra-
jectories are projected based on the 4 states (column 4). Rows indicate
different magnitudes of the rate parameter f. = 0.01, 0.1, 1.0

hll ha
Aoj+2a = Ayj, Boj+2b=Byj, j=0.1,

Ja Ja

hy hy,
Ajo+2b = Aj1, Bio+2a<=Bj, i=0,1.

Ir fr

Three of the rate parameters are fixed to h, = 107!, f, =
1, and A, 103, However, fr 1s a free parameter that
controls the extent of protein activation versus repression
in the system. In summary, the MISA gene circuit can be
encoded as a vector X; € {00, 01, 10, 11}2 x N2, The first
two coordinates indicate the conditions of the A gene and B
gene, and the last two coordinates indicate the populations
of the a and b proteins.

The MISA trajectories were simulated using the stochastic
simulation algorithm (SSA) implementedin PyGillespie
(Matthew et al. 2023) with various values of the f, parameter.
The SSA algorithm produces a continuous-time trajectory
(Xt)r>0; however, the states were sampled at uniformly
spaced times t = 0, 1,2, ... to produce a discrete-time data
set.

Fig. 8 displays the stochastic switching in the populations
of a and b proteins. The protein populations toggle between
four metastable states, which are associated with each gene
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Fig. 9 Classification accuracy for synthetic MISA data containing 15
trajectories with fr(l) = 0.01 and 15 trajectories with f,(z) # f,(l).
Trajectories are reliably identified when 7 > 25 and f,(2) / f,(l) > 25

being “on” or “off”. When the rate f, is low (top panels), the
genes are frequently off, leading to protein populations of
just 0-20. When f, is high (bottom panels), both genes are
frequently on, leading to increased populations of 50-150
proteins. The most interesting behavior occurs for interme-
diate values of f, (middle panels), because then one gene is
typically on and the other is off. The genes actively compete
to produce more proteins.

The MISA gene circuit is not Markovian in the protein
numbers a and b. Nonetheless, a Markov state model can be
constructed by applying spectral clustering (Coifman et al.
2005) to the (a, b) data. The middle panel of Fig. 8 shows
the outcome of spectral clustering using a Gaussian kernel
with bandwidth 0 = 50. The four identified clusters are
interpretable and they efficiently represent the metastable
dynamics.

Variational EM can be used to untangle multiple Markov
chains from a single MISA data set. This application area
is increasingly important, as MISA models with variable
parameters are now being engineered in labs (Li et al. 2018)
with the goal of understanding long chains of cell differen-
tiation (Zhou and Huang 2011). As an example application,
researchers have obtained time-series data for a MISA gene
circuit in the bacteriophage A switch (Fang et al. 2018).
They analyzed the time-series data assuming a single Markov
chain, but the Markov chain mixture model provides the abil-
ity to discern heterogeneities within the samples.

To test the feasibility of the mixture modeling approach,
spectral clustering and variational EM were applied to arange
of synthetic MISA data sets containing 15 trajectories with
an unbinding rate f,(l) = 0.01 and 15 trajectories with a
different unbinding rate f,(z) * fr(l). The algorithms were
used to untangle the two populations of trajectories, leading

to the results in Fig. 9. The results indicate that the classifi-
cation accuracy depends greatly on the trajectory length T
and the parameter ratio £.2/£". When £/ > 25
and T > 25, the populations can be separated with near-
perfect accuracy. However, short trajectories with 77 < 5
cannot be reliably separated for any fr(z) parameter. These
results support the theoretical analysis in Thm. 1, since the
Kullback-Leibler divergence increases with fr(2)/ fr(l) and
increases linearly with 7.

6 Conclusion

This paper has proposed an extension of Markov state
modeling that enables the study of heterogeneities within
time-series data. Previous work employed Markov state mod-
eling under the assumption that the observations come from a
homogeneous population modeled by a single Markov chain.
This paper develops the theory and practice of learning a mix-
ture of different Markov chains simultaneously.

The paper has motivated and tested a variational EM algo-
rithm that automatically identifies the number of chains and
the dynamics of each chain. The proposed mixture modeling
approach deliberately combines classical, well-understood
components, based on the discretization step from Markov
state modeling and the fitting step from variational EM.
It contributes an interpretable and competitive baseline for
heterogeneous dynamical data. The algorithm is computa-
tionally efficient: unlike past work, it identifies the number
of chains organically, without relying on expensive model
comparisons or posterior sampling.

The current bottleneck, shared among all the standard
methods for fitting Markov chain mixture models (EM
and variational EM), is the convergence to locally optimal
parameters. Running these methods with many random ini-
tializations is the currently proposed solution, but it is the
computationally limiting aspect of the approach. Future work
should identify and rigorously justify an initialization strat-
egy that works well for variational EM with any trajectory
length T'.

The paper also provides a theorem that lower bounds the
classification error for any Markov chain mixture model, sim-
ilar to classical information-theoretic bounds. The bound is
stated in terms of the Kullback-Leibler divergence between
the underlying Markov chains, and it suggests the optimal
classification error decreases exponentially in 7 because the
trajectory-level KL divergence grows linearly in 7'. This pre-
diction is repeatedly supported in the numerical experiments
(Secs. 5.1, 5.2, 5.4). The theory quantifies the established
wisdom (Ramoni et al. 2002) that long trajectories are bet-
ter than short ones. The bound requires no ergodicity or
mixing-time assumptions, making it applicable to transient

@ Springer



90 Page140f16

Statistics and Computing (2026) 36:90

or non-stationary dynamics common in short experimental
trajectories.

Last, there is a natural question: when should scientists
use Markov chain mixture models in the future? Three of the
four experiments (Secs. 5.2, 5.3, 5.4) involved real data or
real biological systems, and the mixture modeling approach
led to accurate and interpretable results. One of the authors
(C.E.M.) listened to indie rock on Last . fm in 2007 while
the other author (R.J.W.) runs ultramarathons competitively,
and they can attest to the qualitative accuracy of the Markov
chain mixture models. More broadly, these results reinforce
a simple point: careful probabilistic modeling and inference,
even when built from classical ingredients, can remain com-
petitive in modern high-throughput settings, serving as an
interpretable baseline against which newer approaches are
compared.

In conclusion, Markov chain mixture models have a
track record of distinguishing meaningful heterogeneities
in human behavior, for example, heterogeneous patterns of
surfing the internet (Melnykov 2016), commuting between
home, work, and school (Zhou et al. 2021), listening to music
(Sec. 5.2), or running ultramarathons (Sec. 5.3). The varia-
tional EM algorithm is an efficient strategy for fitting these
models while automatically selecting the number of com-
ponents. Moving forward, Markov chain mixture models
could be extended to other areas (chemistry, biology, climate
science) where Markov state modeling is already popular.
Indeed, the experiments in Sec. 5.4 demonstrate promising
first steps toward applications in the rapidly evolving area of
gene expression data analysis (Eisen et al. 1998; Ernst et al.
2005; McDowell et al. 2018; Mitra and MacLean 2021).
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